Abstract. Associated to every finite simplicial complex K, there is a momentangle complex Z K . In this paper, we use some algebraic invariants to solve the B-rigidity problem for some special simplicial compelexes.
Definitions
Definition 2.1. Given a subset I ⊆ [m], define K I ⊆ K to be the full sub-complex of K consisting of all simplices of K which have all of their vertices in I, that is K I := {σ ∩ I | σ ∈ K}. Definition 2.2. A full subcomplex K I of K is called an n-belt of K, if K I is a triangulation of S 1 with n vertices. where I K is the ideal generated by the monomials v i 1 · · · v is for which {v i 1 , . . . , v is } does not span a simplex of K.
To calculate the cohomology of Z K , Buchstaber and Panov [5] proved the following Theorem 2.4 (Buchstaber-Panov, [9, Theorem 4.7] ).
The second isomorphism (as k-module) in the above theorem was firstly proved by Hochster [8] . Baskakov [2] defined a natural multiplication structure on the k-module I⊆[m] H * (K I ; k) so that it can be a ring isomorphism in the above theorem. It is induced by a canonical simplicial inclusion η : K I∪J → K I * K J , I ∩ J = ∅ and isomorphisms of reduced simplicial cochains
We call this ring the Baskakov-Hochster ring.
Actually the formula given by Baskakov holds only up to a sign. Buchstaber and Panov indicated this defect and gave a correction in [6] . F. Fan and X. Wang [7, Theorem 2 .12] gave a more explicit expression for this sign. Definition 2.5. A simplicial complex K is said to be Gorenstein* over k if for any simplex σ ∈ K (including σ = ∅)
It is easily verified that K is Gorenstein iff K is Gorenstein* over any field k. In particular, any simpicial sphere is Gorenstein*. Theorem 2.6 (Avramov-Golod, [3, Theorem 3.4.5] ). An (n − 1)-dimensional simplicial complex K with m vertices is Gorenstein* over a field k if and only if
Definition 2.7. Let A be an algebra over a field k. Given a nonzero element α ∈ A, if a k-subspace V ⊂ A satisfies for any non-zero element v ∈ V , v is a factor of α (i.e., there exists u ∈ A such that v · u = α), then V is called a factor space of α in A. Denote by F α the set of all factor spaces of α. Define the factor index of α to be ind
Let R be a ring. For an element r ∈ R, the annihilator of r is defined to be ann R (r) := {a ∈ R | a · r = 0}.
Apparently, if A is an algebra over a field k, then for any element α ∈ A, ind A (α) and dim k (ann A (α)) are both algebraic invariants under isomorphisms.
Results
The main result of this paper is the following Theorem 3.1. Let K be a flag 2-sphere without 4-belt. Then for any simplicial complex K , if there is a graded isomorphism:
then K is combinatorially equivalent to K .
To prove this theorem, first we prove it holds for the case K is a simplical 2-sphere. Second, we prove that for a simplicial complex K , if H * (Z K ; k) agree with some algebraic property of H * (Z K ; k) with K a flag 2-sphere, then K itself must be a flag 2-sphere. We separate off the proof into several lemmas. 
First we deal with the case that each of link
only one vertex, say u k 0 and w j 0 resp. (which are shown in Figure 1 ). Apparently K I separates K into two disks K 1 and K 2 with K I as the common boundary.
It is easily verified that I satisfies the condition in the lemma. Otherwise, for Γ 1 = ∅, since K has no 4-belt, we have
). For simplicity we may assume Γ 1 has only one vertex, say w j 1 with
). Let S j 1 be the vertex set of link K 1 (w j 1 ). As before we can find
Set
If Ω 1 = ∅, then put I = W 1 ∪ U 1 , we get the desired I. Otherwise for simplicity we may assume Ω 1 has only one vertex
, then as before we can find
If Γ 2 = ∅, then put I = U 2 ∪ W 1 , we still get the desired I. Otherwise, for simplicity we may assume Γ 2 has only one vertex w j 2 (clearly j 2 < j 1 ). Let S j 2 be the vertex set of link K 1 (w j 2 ). As before we can find
If Ω 2 = ∅, then we get the desired I = W 2 ∪ U 2 . Otherwise for simplicity we may assume Ω 2 has only one vertex u k 2 (clearly k 2 < k 1 ). Continuing this procedure if needed, then after finite step, we can actually get the desired I.
For the general case, we can remove the vertex of link K (v 3 ) ∩ L 1 one by one by the procedure above.
Since H * (Z K ; k) is isomorphic to the Baskakov-Hochster ring I⊆[m] H * (K I ; k), we do not distinguish these two rings whenever there is no confusion. Define
to be the projection homomorphism.
If K is a flag complex, then for any missing face ω of K (so ω contains only two vertices),
Denote by ω a generator of this group.
Proof. In this proof, We omit the coefficient ring k in the cohomology groups.
Without loss of generality, we may assume α = ω 1 + ω 2 , and we only prove the inequality for ω 1 . View R as a vector space over k, then we can find a complementary subspace
It is easy to see that for any β ∈ V ω 1 , β ω 1 = 0. In fact, we can choose V ω 1 properly, such that V ω 1 has a basis {β 1 , . . . β s } with the property that for each i,
. This procedure can be realized as follows:
With this assumption on V ω 1 , it is easily verified that for any β ∈ V ω 1 , βα = 0 (note that β j ω i ∈ H * (K I j ∪w i )). Hence, if we can find an element λ ∈ ann( w 1 ), such that for any element
Now let us find such an element. Suppose ω 1 = {v 3 , v 4 } and ω 2 = {v 1 , v 2 }. Since ω 1 = ω 2 , we may assume v 3 = v 1 , v 2 . Hence by Lemma 3.2, there is an subset
A straightforward calculation shows that λ ω 2 = 0 and λ ∈ ann( ω 1 ) (since ω 1 ∩ (I \ ω 2 ) = ∅). Since for any β 1 ∈ V ω 1 , there exists a subset I 0 ⊂ [m] containing ω 1 , such that p I 0 (β 1 α) = 0, but λα ∈ H 1 (K I ) (ω 1 ⊂ I). Hence for any β ∈ V ω 1 ⊕ k · λ, βα = 0.
If v 4 ∈ I \ ω 2 , let i : K I\ω 1 → K J be the simplicial inclusion, and let λ be a generator of H 0 (K J ) such that i * (λ) = 0. It is easily verified that λ ω 2 = 0 and λ ∈ ann( ω 1 ). Hence λα = 0 ∈ H 1 (K I∪{v 3 } ). On the other hand, note that
Corollary 3.4. If K and K are both flag 2-spheres without 4-belt, and there is a graded isomorphism
Then for any missing face ω ∈ M F (K), φ( ω) = ω (up to a multiplication) for some ω ∈ M F (K ). Moreover for any n-belt B n of K (denote by B n the generator of H 1 (B n ; k) = k), φ( B n ) = B n (up to a multiplication) for some n-belt B n ⊂ K . Proof. Since ω ∈ H 3 (Z K ; k) and φ is a graded isomorphism, then
The first assertion is equivalent to saying that there is exactly one r ω = 0. Suppose on the contrary, we may assume φ( ω) = ω 1 + ω 2 . Thus one of ω i , i = 1, 2, say ω 1 satisfies φ −1 ( ω 1 ) = r · ω + r 0 · ω 0 with r, r 0 = 0, where ω 0 ∈ M F (K). According to Lemma 3.3,
We get a contradiction.
For the second assertion, suppose M F (B n ) = {ω 1 , . . . , ω t } (clearly t = n 2 − n). Note that φ( B n ) = i r i · ( B n ) i , where {(B n ) i } is the n-belt set of K (cf. the proof of [7, Corollary 7.3] ). It is easy to see that ω j (1 ≤ j ≤ t) is a factor of B n , and φ( ω j ) = ω j for some ω j ∈ M F (K ). It follows that ω j is a factor of ( B n ) i whenever r i = 0. This implies that ω j ∈ M F ((B n ) i ). So we have
Since a simplicial complex is uniquely determined by its missing face set, then there is exactly one r i = 0, which is the second assertion. The next step is to distinguish a class B n ∈ H n+2 (Z K ; k) for which B n is the link of a vertex of K from another class B n for which B n is an n-belt of K but not the link of any vertex of K. That is the following: Lemma 3.5. If K and K are both flag 2-spheres without 4-belt, and there is an isomorphism φ :
then for any n-belt B n which is the link of a vertex of K, φ( B n ) = B n (up to a multiplication) with B n the link of a vertex of K .
Proof. As before, suppose M F (B n ) = {ω 1 , . . . , ω t }. Apparently, the k-subspace spanned by { ω 1 , . . . , ω t } (denoted by V Bn ) is a maximal 3-factor space of B n in H * (Z K ; k). Assume B n is the link of v n+1 and the vertex sets of B n and star K (v n+1 ) are resp. [n] and [n + 1]. Since K has no 4-belt, then for any
. [7, Proposition 3.2] implies that V Bn is also a maximal 3-factor space of ξ v , and it is easy to see that there are exactly m − n − 1 linear independent elements ξ v n+2 , . . . , ξ vm ∈ H n+3 (Z K ; k) with this property.
Suppose M F (B n ) = {ω 1 , . . . , ω t }, and the vertex set of B n is still [n] . From Lemma 3.3, we have that φ( ω i ) = ω i (up to a permutation). Suppose on the contrary that B n is not the link of any vertex of Figure 2 for an example). It is easy to see that − 2l + 3, we can obtain that there is exactly one vertex v of B l , which is not in [n + 1]. Thus M F (link K (v)) ∩ M F (B n ) = ∅, and we get a contradiction. Therefore B n has to be the link of a vertex of K .
Since a belt which is the link of a vertex can uniquely determine a vertex of K, thus combining all the results above, we can construct a 1-to-1 correspondence between the vertex sets of K and K , ψ : S → S , which is induced by the isomorphism φ :
Next we show that Lemma 3.6. The vertex sets correspondence ψ above is actually a simplicial map, and so a simplicial isomorphism.
Proof. We only need to verify that for each edge e of K, ψ(e) is an edge of K (since by flagness there is no 3-belt in K and K ). An easy observation shows that if (v i , v j ) is an edge of K, then B n i = link K (v i ) and B n j = link K (v j ) have a common missing face ω. Thus ω is a common factor of B n i and B n j , and φ( ω) is a common factor of φ( B n i ) and φ( B n j ). However if ψ(
is not a common factor of B n i and B n j , a contradiction.
Proof of Theorem 3.1. Since K is a simplical 2-sphere, From the proof of this theorem we also obtain the following: Corollary 3.7. If K is a flag 2-sphere without 4-belt, then any automorphism of H * (Z K ) is induced by a combinatorial automorphism of K, i.e.,
Aut(H
The general case that K is an arbitrary simplicial complex in Theorem 3.1 can be solved, once we prove the following: Theorem 3.8. Let K be a simplical 2-sphere, K an arbitrary simplicial complex. If there is a graded isomorphism:
then K is also a simplicial 2-sphere.
To prove this, we need a generalization of the famous Lower Bound Theorem in combinatorial theory, which was first proved by Barnette [1] for simplicial polytopes Lower Bound Theorem ( [1, Barnette] ). Let P be a simplicial n-polytope with m vertices, and let f 1 be the number of edges of P . Then f 1 ≥ mn − Actually by using some results about Gorenstein* complexes and following the line of Barnette's proof, we can generalize this result to (see this in a forthcoming paper on Generalized Lower Bound Theorem by F. Fan) Theorem 3.9. Let K be a (n − 1) dimensional Gorenstein* complexes with m vertices, and let f 1 be the number of edges of K. Then f 1 ≥ mn − n+1 2
.
Proof of Theorem 3.8. According to Theorem 2.6, H * (Z K ; k) ∼ = Tor k[m] (k(K), k) is a Poincaré algebra for any field k. Since H * (Z K ) ∼ = H * (Z K ), the argument in the proof of Theorem 3.1 shows that H * (Z K ; k) ∼ = H * (Z K ; k) for any field k. Therefore K is also a Gorenstein* complex. By using Theorem 3.9 and applying the same argument in the proof of [7, Theorem 6 .10], we get that K is a simplical 2-sphere. Now we give an application of Theorem 3.1 in combinatorial mathematics, which is related with chemistry and material science (cf. [10] for more studies about this). 
